I n this paper, the method of exterior diflerential systems for analyzing nonlinear systems is presented. Conditions are given for converting Pfafian systems into Goursat normal f o r m , and for converting control systems into Brunovsky form. All of the existing results on feedback linearization for control systems can be restated in the language of Pfafian systems, and in addition, new conditions for linearizing control systems using dynamic extension are given.
Introduction
There has been a great deal of interest in the use of exterior differential systems for analyzing nonlinear control systems. This paper brings together some of the results which have been recently published and also adds some new contributions to this area.
For mechanical systems with linear velocity constraints, such as mobile robots with wheels that roll without slipping, the problem that is considered is that of finding a feasible path between two given points. Using the method of exterior differential systems, necessary and sufficient conditions can be given for transforming the Pfaftian system defined by the rolling constraints into a normal form for which feasible paths are easily found.
The outline of this paper is as follows. First, the definitions for Goursat normal form and extended Goursat normal form are given. Necessary and sufficient conditions for converting PfafFian systems into these normal forms are stated, and several examples of mobile robot systems are studied. The concept of prolongation of a Pfaftian system is presented next, and sufficient conditions are given for converting a PfafFian system to extended Goursat normal form using a specific type of prolongation. Since the dual of Brunovsky linear form is a special case of extended Goursat normal form, all of the results for converting Pfaffian systems to extended Goursat form can be specialized to give conditions for converting control systems to Brunovsky linear form. Necessary and sufficient conditions for linearizing control systems by dynamic extension are finally given.
Pfaffian systems
The interested reader is encouraged to consult [2] and [6] , from which most of this introductory material was taken, for more details. In terms of these local coordinates, a p-form w can be written as where the coefficient functions w t l . . . , p ( x ) are smooth functions on M.
The notation W ( M ) will be used to mean the module (over the ring of smooth functions) of all smooth sections of A p ( T ' M ) , and
O ( M ) = @ O p ( M ) as the module of forms on M.
Consider a codistribution I on M , spanned by s one-forms, I = { a ' , . . . , a " } where a' is in fl' (M) for i = 1 , . . . , s.
Definition 1 (Pfaffian Systems) On a manifold of dimension n, a Pfaftian system is the smallest ideal 1 C R(M), generated b y a codidribation I of one-forms spanned b y { a ' , . . . ,aS} which is closed under wedge products.
Throughout the c o m e of this paper, by deliberately confusing the notation, the codistribution I will be referred to as the Pfaftian system.
The dimension of a PfafFian system is defined to be s, the number of independent one-forms which generate it. Any n -s linearly independent one-forms which are independent of I form a complement to I. The codimension of I is defined to be n -s.
An integral curve for a PfafFian system is a curve c(t) : ( -e , E ) --t M which satisfies the constraints, that is, c * ( a ' ) = 0 for all a' E I.
Here the notation c*(a') is taken to mean a'( g).
A (local) independence condition for a Pfaftian system is a oneform T which does not vanish on integral curves, that is c * ( T ) # 0. If T is integrable, the Pfaftian system will correspond to a system of firstorder ordinary differential equations. Throughout this paper, it will be assumed that the independence condition is integrable. Indeed, for control systems, the independence condition will often be d t , where t represents time. The notion of congruence modulo a Pfaffian system will be needed.
For a system I = {a', . . . ,a'}, it is said that 1) ( mod I if . . , C Y " ) , be a P f a f i a n bystem. Define I(') = I and From the form of the Pfaffian system in the z coordinates, it follows that integral curves of the system are unconstrained in their zl, 2, coordinates alone. Once 21 ( t ) , z,,(t) are specified as functions of some parameter t , the other coordinates are determined as some functions of t . The following classical theorem gives necessary and sufficient conditions for converting a Pfaffian system into Goursat normal form: 
In [17] it was shown how the Pfaffian system associated with the system of a car towing n trailers, generated by the constraints that each axle of wheels roll without slipping, satisfied the conditions for conversion to Goursat normal form. This was a system of codimension two, corresponding to the fact that the linear and angular velocities of the front car are the inputs, and thus fredy specifiable.
In order to consider Pfaffian systems associated with mobile robots such as the firetruck [4, 161 or the multi-sterring multi-trailer system [18] , PfafXan systems of codimensiongreater than two must be studied as well. Consider the following definition: 
Since x is integrable, any first integral of T can be used for the coordinate 2
' .
If necessary, the constraints CY: can be rescaled so that the congruences (3) are satisfied with d z o . Now consider the last nontrivialderived system, I("1-l). The one-forms { a i , . . . form a basis for this codistribution, where SI = s2 = . . . = s r l .
From the fact that da: The matrix A must be nonsingular, since the a ; ' s are a basis for 1('1-'j and they are independent of dz'. Therefore, a new basis &{ can be defined as:
Define the coordinates z: := -( A -' B ) , , so that the one-forms E:
have the form
By the proof of the standard Goursat theorem, all of the coordinates in the j t h tower can be found from and z o , thus by the above procedure, all the coordinates in the first T I towers have effectively been found. To find the coordinates for the other towers, look at the lowest derived systems in which they appear.
Consider the smallest integer k such that dim I($ITkj > k r l ; more towers will appear at this level. It can be shown from the congruences ( 3 ) and the calculations up to this point that a basis for Another version of the theorem for converting systems to extended Goursat normal form will also be stated here. This version is slightly easier to check, since it does not require finding a basis which satisfies the congruences but only one which is adapted to the derived flag. The proof for this theorem is also given, since only a special case is proved in is r1, then there are rl towers which each have length SI; and thus s1 = s2 = . . . = srl . Now, if the dimensionof I(s1-2) is 2rl +r2, then there are r2 towers with length s1 -1, and sr1+l = .. . = sr,tr:, = s1 -1 . Each sJ is found similarly.
Note that a A which satisfies the conditions must be in the complement to I, for if P were in I, then {I, P} integrable means that I is integrable, which contradicts the assumption that I is maximally nonholonomic, that is I ( N ) = ( 0 ) for some N. Consider the last nontrivial derived system, I('l-'), with a basis given by {a:, . . . , a;'}. The definition of the derived flag, specifically I(sl) = {0}, implies that
Also, the assumption that { I ( k ) , r } is integrable gives j = 1 , . . . Now, from the definition of the derived flag, dai G O modI("1-2) j = l , ... , which combined with (6) implies that PJ is in I('l-').
Claim. o', . . . ,orl are linearly independent mod I ( ' 1 -l ) . There are connections between Goursat forms and the concept of differential flatness. The precise definition of differential flatness is given in the language of differential algebra [8, 7, 101 and is beyond the scope of this paper. Informally, however, a system is said to be d i g e r e n t i a l l y flat if a set of flat outputs (equal t.o the number of inputs) can be found such that the entire state and input trajectories can be recovered from the flat outputs as functions of time and finitely many of their derivatives.
Proof
Although there exists no general technique to determine whether or not a given system is flat (other than guessing flat outputs), it is easy to see that any system which can be converted into Goursat normal form is differentially flat. The flat outputs can be chosen as !.he states z o , z : , . . . ,z;".
In this section, some multi-steering mobile robot systems will be considered and it will be shown that the PfafFian systems generated by the constraints that the wheels roll without slipping satisfy the extmded Goursat conditions.
A multi-steering trailer system was examined in [18], and it was shown how to transform such a system into chained form (which is the dual of Goursat normal form) using dynamic state feedback. That. is, states were added to the system and this augmented system was transformed into the dual of Goursat normal form. In this section, it is shown that this augmentation is not always necessary; some arrangements of the multi-steering trailer system can be transformed into Goursat form using only static state feedback.
The 5-axle system with two steering wheels is the first example in which interesting things begin to happen. Assuming that the first axle is steerable, there are four possible positions for the second steering wheel. Three of these four cases satisfy the conditions for converting t,o extended Goursat normal form; the fourth does not. Two of the examples will be presented in some detail to give the reader a flavor for the type of calculations which are required. Example 1. 5-axle, 1-4 steering trailer system. Consider the :,-axle system with the first and fourth axles steerable, as sketched in Figure 1 . The configuration space can be parameterized by the x, y position of the third axle, the hitch angles e,, and the steering angle of the third axle 6. Let q = {x3, y3,05,91,03,92,81, d} represent the state. 
Mobile Robot Examples
By a simple rescaling of the basis, the functions c , ( q ) can be eliminated to get the Goursat congruences (3) exactly. This is done as follows. First defiles2 := -c3(y) a2 toget da3 -C2Adx3 mod I ( 2 ) .
'The exterior derivative of a2 can be written as da4 E c * ( q ) dd A dx3 mod I mod I ( 2 )
E --c z ( q ) c l ( q ) a' r,dx3 mod I ( ' ) since a' is in I ( ' ) . The other constraints are scaled similarly. For the rest of this paper, it will asserted that the Goursat congruences arc satisfied if the modified congruences d a~~c~+ l ( q ) u~+ l A ? r modI('I-') i = l , . . . , s -1
da;] Z 0 mod I are satisfied instead of the original congruences (3). The Gounat coordinates for this system can be found as
. , / T G t a n ( v ) . where e = L4 lL5.
Remark 3. 5-axle, 1-2 s t e e r i n g a n d 1 -5 s t e e r i n g . Without presenting the calculations, which are similar than those above, it is noted here that the five-axle system with either the first and second axles steerable or the first and last axles steerable satisfies the conditions for conversion into extended Goursat normal form. The constraints have the same form. For the 1-2 steering system, T can he chosen as dx5 and the Goursat coordinates are found as zo = x5,z: = y5, and able. This is the only configuration of the 5-axle system with two steering wheels which does not satisfy the conditions for converting to extended Goursat normal form.
The constraints are that each axle roll without slipping:
ThePfaftiansystemis I = {a',a2,a3,a4,a5},andacomplementto the system is given by {dd, d81, dx3 1.
This basis is adapted to the derived flag, I = {a', a2, a3, a4, a5}
however, the congruences are nof satisfied:
In order to have { l ( 2 ) , r } integrable, x must be chosen as x = dx5 (mod {a4,a5}). This will also give {IO,.} integrable, but { I ' , x } is n o t integrable. Thus, this system does not satisfy the conditions for conversion to extended Goursat normal form. This example will be considered again in the next section.
Prolongations
If a Pfaffian system I of codimension k satisfies the necessary and sufficient conditions for converting into extended Goursat form, then its solution trajectories are determined by k arbitrary functions. However, even if a system cannot be transformed into Goursat form, its solution trajectories may still have this property. If so, it is said that I is absolzltely e q u i v a l e n f (in the sense of Cartan) to the trivial system (the system with no constraints) on Ik. Although the concept of absolute equivalence will not be examined in its full generality, some sufficient conditions will be given for a PfaEan system to have a p r o l o n g a t i o n by d z f f e r e n t i a t r o n which can be converted to Goursat form, and thus the solution trajectories of I are determined by k independent functions. A general type of prolongation which preserves a one-one correspondence between solution trajectories of the original and prolonged system is a Cartan prolongation.
Definition 6 ( C a r t a n Prolongation) Let I be a P f a f i a n s y s t e m o n a manifold M . A s y s t e m J o n M x P P i s a Cartan prolongation of I if : 
T * ( I )
c
If I i s equipped w i t h a given independence condition T , t h e n T'T m u s t be t h e independence condition f o r J .
A canonical way to prolong a system with independence condition dt is to take an integrable one-form dq in the complement of I, and augment I with the additional form dq -y d t , where y is a new coordinate on R. In effect, this adds the derivative of q (with respect to the independence condition) as a state variable. As long as all solution trajectories are "smooth enough" (assume C"), there will be a one-one correspondence between solution trajectories of the original and the prolonged system.
Consider a special type of Cartan prolongation which consists of many of these canonical prolongations. 
. , bm be nonnegative integers and let b denote their s u m . T h e s y s t e m I augmented by
d v l -v i d t , . . . , dv;'-' -v i ' d t , d v , -v A d t , . . , , ... dv&"-' -vLmdt, i
s called a prolon ationby differentiation of I. T h e augmented s y s t e m i s defined o n Rnfmtbtl.
Since the original system and independence condition corresponded to a set of first order ordinary differential equations, the prolonged system has the same independence condition and also corresponds to a set of first order ordinary differential equations.
Sufficient conditions can now be given for a Pfaffian system to have a prolongation which is equivalent to extended Goursat form. 
. , bm such t h a t the prolonged s y s t e m
J = {a', . . . , a", d v l -v i ds', . . . , dv;'-' v1 bi dzo ' . . . ,dum -v L d z O , . .
. , dv&m-lv!"dto} satisfies the condition that {J(k),dzo} is integrable f o r all k, t h e n I can be transformed t o extended G o u r s a t normal f o r m using a prolongation by differentiation.
Proof. The proof is by application of Theorem 4 to the prolonged system J . 0
Although this is a very specific form of prolongation of a P f d a n system, and the conditions of the theorem must be checked in a specific coordinate system with a given independence condition, there do exist practical systems which can be converted into extended Goursat form using this type of prolongation. Example 3. 5-axle, 1-3 steering, revisited. Consider again the 5-axle trailer system with the first and third axles steerable, which did not satisfy the conditions for conversion to extended Goursat form. The equations for the exterior derivativesof the constraintscan be examined to see if after prolongation, the augmented P f d a n system will satisfy the conditions for conversion to extended Goursat form.
It was seen that ?r = d x 5 will give { I ( 2 ) , x } integrable. However,
either a ' or a3 could be added to I('), that term would no longer cause a problem. If a ' were added to I('), then d e 2 0 mod I ( ' ) and the same problem would recur, except now with I ( 2 ) . If a3 could somehow be added to I ( ' ) , it appears that the conditionsof Theorem 4 will be satisfied (the only thing remaining to be checked is that and the systems {J(')), d x 5 } are integrable for all k. Remark 4. [1] [2] [3] [4] revisited. In [3] , it was noted that the 5-axle system with steering on the first and fourth axles could be converted into Goursat form after an order two prolongation
and that the Goursat coordinates for the system after prolongation were much simpler than those given in example 4. The one-form x which satisfies the congruences for the extended system is d x 5 , and the other two coordinates which define the Goursat form are y5 and +.
Since control systems are a special type of Pfaffian system, all of the results presented thus far can be specialized to control systems.
Definition 8 (Control System) A controlsystemi = f ( x , u ) with the state x E B", the i n p u t U E B' ", and t h e derivative of the state t a k e n with respect t o t i m e t E 1 , generates a P f a f i a n s y s t e m I o n R n t m t 1
d u m , d t } . T h e natural independence condition t o choose is d t , since dt # 0 along all solution trajectories of the system.
A n y P f a f i a n s y s t e m I of codimension m + 1 o n R n t m t l w i t h coordinates ( x , u , t ) 
can be called a control system if i t has a set of generators of f o r m ( 8 ) .
Brunovsky showed that any controllable linear system j . = Ax + Bu with x E R", U E Rm can be converted to a canonical form given 6 . Control Systems with n = kl + . . . + k , . Therefore, a control system is said to be lrnearitable if and only if it can be converted to Brunovsky form. Brunovsky linear form for a control system is a special case of extended Goursat normal form (2) with dro = d t and 4, t1 = U, ; thus, the theorems for transforming to Goursat form can be specialized to give conditions for exact linearization. The problem of feedback linearization by time-scaling was studied in [13] ; the Goursat formulation gives a simple set of conditions to check if a time-scaled version of a system can be linearized, as is shown by the following simple example. Time-transformations are also studied in 191. Example 4. Goursat normal form for a control system. Consider the single-input control system [ 5 ] ,
This control system generates a P f a a n system, of codimension two on R5 with derived flag
where t h e one-forms a d a p t e d t o t h e derived flag are given by
Note t h a t t h i s is n o t t h e basis of (11) which g e n e r a t e d I . Since 
T h e prolongation b y differentiation which was defined i n Section 5 is t h e dual of d y n a m i c extension ( a d d i n g i n t e g r a t o r s t o t h e inputs) i n t h e language of forms. Thus, t h e control systems version of T h e o r e m 5 c a n b e s t a t e d as:
Theorem 8 A simple e x a m p l e will b e p r e s e n t e d t o show how t h e t h e o r e m c a n b e applied t o linearize control s y s t e m s using d y n a m i c extension. t h e one-forms a' which are a d a p t e d t o t h e derived flag a r e not t h e same as those which g e n e r a t e d I .
The s t r u c t u r e e q u a t i o n s a r e fairly s i m p l e t o find,
o t e t h a t { I ( ' ) , d t ) is n o t integrable, t h u s t h e s y s t e m i s n o t linearizable by s t a t i c s t a t e feedback.
Consider I t has been s h o w n t h a t a prolongation by differentiation of a control s y s t e m corresponds t o a d y n a m i c extension. A general d y n a m i c s t a t e feedback corresponds t o a d d i n g some s t a t e s t o t h e s y s t e m and p u t t i n g feedback around them, and i n general d o e s n o t c o r r e s p o n d t o a Cartan prolongation, since t h e r e m a y not be a one-one correspondence b e t w e e n trajectories of t h e e x t e n d e d s y s t e m and trajectories of t h e original s y s t e m . This i s especially obvious if t h e a d d e d z s t a t e s h a v e t h e i r o w n d y n a m i c s , see for i n s t a n c e [19].
